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Part I : DEM

Ch. 1 Introduction : 1 week
- FEM ? / Applications / Basic Principles

Ch. 2 Tutorial of COMSOL Software Package for FEM : 3 weeks
- Geometry-Materials-Meshing-MeshEditing-Physics-Analysis-Drawings

Ch. 3 Users Guide of COMSOL Multi Physics : 1 week

Ch. 4 Special Topics of FEM : 1 weeks

Ch. 5 Term Projects : 1 weeks

Part II : FEM



Part I : Discrete Element Method



Ch. 1 Introduction

Part I : 



What is DEM ?

Distinct / Discrete Element Method (DEM) 

Å a way of simulating discrete matter 

Å a numerical model capable of describing the mechanical behavior of assemblies of discs and spheres 

Å a particle-scale numerical method for modeling the bulk behavior of granular materials and many 

geo-materials (coal, ores, soil, rocks, aggregates) 

Å capture dual nature of materials

Continuous matter Dis-continuous matter

Occupies entire space Each particle is a unique quantity

Continuum mechanics Newton mechanics

Finite Element Method Discrete Element Method

Homogeneous & Continuous Media Inhomogeneous & Discontinuous Media
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ƽ: Thermal Diffusivity
k: Thermal Conductivity
ǌ: Density
cp: Specific Heat
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Historical Background :



Advantages and Disadvantages of DEM



Applications of DEM

CFD ŕDEM Coupling for Modeling of Fluid 
Flow with Accurate Particle Representation

Screw feeder vs Vibrating feeder

DEM simulation of the inclined screw conveyor

Silo Design: Mass Flow vs Funnel Flow

Angle of repose simulations using LIGGGHTS :
Examples of Superquadric Particles

https://www.youtube.com/watch?v=kJDE1d_HGjc
https://www.youtube.com/watch?v=f7_X8sTDxWU
https://www.youtube.com/watch?v=w2_OmTYmnOw
https://www.youtube.com/watch?v=ZYifIAtqusM
https://www.youtube.com/watch?v=v09qXTerKAc
https://www.youtube.com/watch?v=v09qXTerKAc


DEM : An Intoduction to the Discrete Element Method

Discrete Element Methods

https://www.youtube.com/watch?v=8vV75x1cT3Y
https://www.youtube.com/watch?v=hY3xHq8s0gw


1. Governing Equations





I. Equations of Motion for all Particle Masses



A. Central Difference Scheme for time integration of equation of motion



B. Verlet algorithm (1967) for time integration of equation of motion

Verlet does not use the velocity to
compute the new position .

However, the velocity can be 
calculated as above

*Verlet L, Computer řexperimentsŚon classical fluids. I. Thermodynamical Properties of Lennard-Jones Molecules, Phys. Rev. 159(1),
98-103, 1967
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II. Force/Displacement for all Contacts



Kn : Normal Stiffness
Ks : Shear Stiffness
ǅ: Overlap
Ǎ: Friction Coefficient

Contact Forces
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2. Contact Detection
Cell -mapping





3. Implementing Issues



I. Stability of Solution

- Choice of Time Step
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Stable condition for explicit FDM for a single degree of freedom 
(Cundall and Strack, 1979)

ƽ = 0.1 usually gives a stable results
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- Effect of Damping
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Ch. 2 Install Software Packages required for DEM

Part I : 

- Ubuntu 20.04 LTS

- Xrdp

- Liggghts

- Paraview 5.10

- gFTP

- FreeCAD

- Wine

- MeshMixer



Install Linux OS : Ubuntu 20.04

1. Download ISO image of Ubuntu 20.04.4 LTS

2. Download balenaEtcher & Install

3. Run balenaEtcher and Save the iso image to your USB stick

4. USB (Ubuntu install ) PC

5. F2/F10( ) BIOS/UEFI

6. USB 

https://releases.ubuntu.com/20.04/
https://releases.ubuntu.com/20.04/
https://www.balena.io/etcher/


1. Open a Terminal Window on Linux

2. Add a New User to Ubuntu

$ sudo adduser <user_name>

- enter ópasswordô when being asked

$ id <user_name>

$ ls ïal /home

$ sudo usermod ïaG <group_name> <user_name>

- if you want ósudoô group, just enter ósudoô in the place of <group-Name>

$ groups <group_name>

3.  Delete a User from Ubuntu

$ sudo deluser <user_name>

Add New Users to Ubuntu :



Install XRDP :

1. Open a Terminal Window on Linux

2. Installing XRDP on Ubuntu

$ sudo apt update

$ sudo apt install xrdp -y

$ sudo systemctl status xrdp

3.  Configuring XRDP

$ sudo usermod -a -G ssl-cert xrdp

$ sudo systemctl restart xrdp

4.  Configuring System Firewall

$ sudo ufw allow any port 3389

$ sudo ufw reload



*.  Connect to Linux from Windows

1. On the Windows system, launch the RDP client :

Ƃ Type 164.***.***.*** & Click Connect

2.  Ƃ Type username ô*******õ

password ô*********õ

Click OK



*.  Connect to Linux from Windows

1. Open a Terminal Window on Linux

2. Installing XRDP on Ubuntu

$ sudo mkdir ïp /etc/polkit-1/localauthority/50-local.d/

$ sudo gedit /etc/polkit-1/localauthority/50-local.d/color.pkla

#  Type following as

[Allow Colord all Users]
Identity= unix-user:*
Action=org.freedesktop.color -manager.create-device;org.freedesktop.color-manager.create-profile;org.freedesktop.color -

manager.delete-device;org.freedesktop.color-manager.delete-profile;org.freedesktop.color -manager.modify -
device;org.freedesktop.color-manager.modify -profile

ResultAny=yes
ResultInactive=yes
ResultActive=yes

#  Save as color.pkla

$ sudo cat /etc/polkit-1/localauthority/50-local.d/color.pkla

3. Re- booting









Install LIGGGHTS :

1. Open a Terminal Window on Linux

2. Download Liggghts to Ubuntu

$ sudo apt-get update

$ sudo apt-get install git

$ git clone git@github.com:CFDEMproject/LIGGGHTS-PUBLIC.git

(or $ git clone https://github.com/CFDEMproject/LIGGGHTS-PUBLIC.git)

3.  Configuring

$ cd ~/LIGGGHTS-PUBLIC/src

$ sudo apt-get install build-essential cmake

$ sudo apt-get install openmpi-bin libopenmpi-dev

$ sudo apt-get install libvtk6.3 libvtk6-dev

4.  Compiling LIGGGHTS

$ make auto

# read MAKE/Makefile.user file with a text editor Ÿ confirm followings

https://www.cfdem.com/media/DEM/docu/Section_intro.html


4.  Compiling LIGGGHTS (continued)

again, $ make auto

# wait for complete compilation

$ sudo ln -s ~/LIGGGHTS-PUBLIC/src/lmp_auto /usr/local/bin/

5.  Running LIGGGHTS

$ cd ~/LIGGGHTS-PUBLIC/examples/LIGGGHTS/Tutorials_public/chute_wear

$ mpirun ïnp 4 lmp_auto ïin in.chute_wear





Install Paraview :

1. Open a Terminal Window on Linux

2. Install Paraview on Ubuntu

$ sudo apt update

$ sudo apt install paraview

3.  Uninstall / Remove Paraview Package

$ sudo apt remove paraview

$ sudo apt autoclean && sudo apt autoremove

Install gFTP :

1. Open a Terminal Window on Linux

2. Install gFTPClient on Ubuntu

$ sudo apt update

$ sudo apt install gftp

# host=yumse.sinology.me, ID=cms , Pass=************* 

3.  Uninstall / Remove Paraview Package

$ sudo apt remove gftp

$ sudo apt autoclean && sudo apt autoremove





Install FreeCAD :

1. Open a Terminal Window on Linux

2. Install FreeCAD on Ubuntu

$ sudo apt update

$ sudo apt install freecad

3.  Uninstall / Remove FreeCAD Package

$ sudo apt remove freecad

$ sudo apt autoclean && sudo apt autoremove



Install Wine :

1. Open a Terminal Window on Linux

2. Install Wine on Ubuntu

$ sudo apt update

$ sudo apt install wine-stable

3.  Uninstall / Remove Wine Package

$ sudo apt remove wine-stable

$ sudo apt autoclean && sudo apt autoremove

-skip -



1. Open a Terminal Window on Linux

2. Install WineHq on Ubuntu

$ sudo dpkg --add-architecture i386

$ sudo apt-get update

$ wget -nc https://dl.winehq.org/wine-builds/winehq.key

$ sudo apt-key add winehq.key

if NO_PUBKEY {PUBKEYid} error, $ sudo apt-key del {PUBKEYid}; $ sudo apt-key update;

$sudo apt-key adv --keyserver keyserver.ubuntu.com --recv-keys {PUBKEYid}

$ sudo add-apt-repository 'deb https://dl.winehq.org/wine-builds/ubuntu/ focal mainó

$ sudo apt-get update

$ sudo apt-get install --install-recommends winehq-stable

$ wine --version

$ winecfg

set Windows version as Windows 10; set library to ñd3dx11_43ò; click óApplyô button

$ wine <Windows_Application_Name>

Install Wine :



3.  Uninstall / Remove WineHq Package

$ sudo apt remove winehq-stable

$ sudo apt autoclean && sudo apt autoremove



Install MeshMixer :

1. Open a Terminal Window on Linux

2. Install MeshMixer on Ubuntu

- Download óMeshMixerô setup file

$ winecfg

- Open tab óApplicationsô & then click óAdd applicationô

Or 

$ wine setupfilename.exe



Ch. 3 Input Script ðRun LIGGGHTS ð

Visualize Results

Part I : 



Input scripts do: 

Å Simulation setup 

Å Setup of simulation output 

Å Optimization loops 

Å Definition of variables 

Å Execution of shell commands

Input Script :

Å Each non-blank line in the input script is treated as a command 
Å LIGGGHTS commands are case sensitive . 
Å An & at the end of a line means that the command continues on the next line 
Å All characters following a # character are treated as comments 
Å A $ character indicates the beginning of a variable name in a line 
Å A line is broken into ŗwordsŘ separated by whitespaces (tabs, spaces) 
Å The first word is the command name , the rest are arguments

A LIGGGHTS input script typically has 4 parts 

Å Initialization 

Å Atom definition 

Å Settings 

Å Run a simulation



Input Script Example : Case chute_wear

á Global Settings / Creation of Simulation Box

sphere/granular/ superquadric/ellipsoid/molecular/charge

array/hash : how atomID lookup

on/off : determine NewtonŚs 3rd law on or off for pairwise and bonded interactions

f/p : fixed or periodic boundary condition

single/multi : distance that inter -processors communication

block/cylinder/cone/plane/prism/sphere/mesh/wedge

lattice/box

#of atom types

bin/nsq/multi : determine skin distance

delay/every/check/once/include/exclude : building neighbor list

#Simple chute wear test

atom_style granular

atom_modify map array

boundary f f f

newton off

communicate single vel yes

units si

region domain block -0.5 0.1 -0.2 0.2 -0.4 0.15 units box

create_box 1 domain

neighbor 0.002 bin

neigh_modify delay 0



â Settings of Materials Properties / Contact Model

atom types

#Material properties required for new pair styles

fix m1 all property /global youngsModulus peratomtype 5.e6

fix m2 all property /global poissonsRatio peratomtype 0.45

fix m3 all property /global coefficientRestitution peratomtypepair 1 0.3

fix m4 all property /global coefficientFriction peratomtypepair 1 0.5

fix m5 all property /global k_finnie peratomtypepair 1 1.0

#New pair stylepair_style gran model hertz tangential history #Hertzian without cohesion

pair_coeff * *

timestep 0.00001

fix gravi all gravity 9.81 vector 0.0 0.0 -1.0



* Import of triangular surface mesh wall geometry for granular simulations from ASCII STL files or legacy ASCII VTK fi

les. ** Additionally the average normal and shear stresses that the particles in the fix group exert on each triangle of t

he mesh is evaluated. Also, the total force and torque on the particle is calculated

Important :

ã Setting Boundaries

Ě
stress/wear

atom type of the imported wall#the chute
fix cad all mesh/surface/stress file meshes/simple_chute.stl type 1 wear finnie
fix inface all mesh/surface file meshes/ insertion_face.stl type 1
fix granwalls all wall/gran model hertz tangential history mesh n_meshes1 meshes cad

ä Insertion of Particles

random number generator seed (prime number greater than 10000)

number of particle templates to be used in this command

number of particles to insertmass/time units

The all_in flag determines if the particle is completely contained in the insertion region (all_in = yes) or only the par
ticle center ( all_in = no).Using all_in = yes requires you to use an insertion face of style fix mesh/surface/planar

#distributions for insertion
fix pts1 all particletemplate /sphere 15485863 atom_type 1 density constant 2500 radius constant
0.0015
fix pts2 all particletemplate /sphere 15485867 atom_type 1 density constant 2500 radius constant
0.0025
fix pdd1 all particledistribution /discrete 32452843  2 pts1 0.3 pts2 0.7
#region and insertion
group nve_group region domain
region bc cylinder z 0.0 0.0 0.015 0.05 0.12 units box
#particle insertion
fix ins nve_group insert/stream seed 32452867 distributiontemplate pdd1 & nparticles 6000 
massrate 0.1 insert_every 1000 overlapcheck yes all_in no vel constant 0.0 0.0 -1.0 & insertion_face
inface

https://www.cfdem.com/media/DEM/docu/fix_mesh_surface.html


æ Run Simulation

å Output Settings

#run
run 100000 upto
unfix ins

Computes calculate one of three styles of quantities: 

-> global, per-atom, or local. 

A global quantity is one or more system-wide value

s, e.g. the temperature of the system.

A per-atom quantity is one or more values per atom

, e.g. the kinetic energy of each atom. Per-atom values 

are set to 0.0 for atoms not in the specified compute gr

oup.

Local quantities are calculated by each processor b

ased on the atoms it owns, but there may be zero or m

ore per atom, e.g. a list of bond distances.

Computes that produce per-atom quantities have the 

word ñatomò in their style, e.g.ke/atom. Computes tha
ÙdÕ×ÔÉÚÈÊdÑÔÈÆÑdÖÚÆÓÙÎÙÎÊØdÍÆÛÊdÙÍÊdÜÔ×Éd̆ÑÔÈÆÑ̇dÎÓdÙ
heir style, e.g. bond/localrd¸ÙÞÑÊØdÜÎÙÍdÓÊÎÙÍÊ×d̆ÆÙÔÒ
̇dÔ×d̆ÑÔÈÆÑ̇dÎÓdÙÍÊÎ×dØÙÞÑÊdÕ×ÔÉÚÈÊdÌÑÔÇÆÑdÖÚÆÓÙÎÙÎÊØr

temp, temp/partial, ke/atom

Compute and print thermodynamic info (e.g. 

temperature, energy, pressure) on timesteps

does not check for lost atoms.

thermodynamic output values are nor

malized by the number of atoms or not

#apply nve integration to all particles that are inserted as single particles

fix integr nve_group nve/sphere

#output settings, include total thermal energy

compute 1 all erotate /sphere

thermo_style custom step atoms ke c_1 vol

thermo 1000

thermo_modify lost ignore norm no

#insert the first particles so that dump is not empty

run 1

dump dmp all custom/vtk 200 post/chute_*.vtk id type type x y z ix iy iz vx vy vz fx fy fz

omegax omegay omegaz radius

dump dumpstress all mesh/gran/VTK 200 post/mesh_*.vtk stress wear cad



Results of the Run:









File Output during RUN :

log.liggghts

LIGGGHTS (Version LIGGGHTS-PUBLIC 3.8.0, compiled 2022-08-21-08:39:23 by jhhan, git commit 86544c3f1215bc9744d7929e3eacf53ba086a f9e)
#Simple chute wear test

atom_style    granular
atom_modify   map array
boundary      f f f
newton        off

communicate   single vel yes

units         si

region        domain block -0.5 0.1 -0.2 0.2 -0.4 0.15 units box
create_box    1 domain
Created orthogonal box = ( -0.5 -0.2 -0.4) to (0.1 0.2 0.15)  2 by 1 by 1 MPI processor grid

neighbor      0.002 bin
neigh_modify  delay 0

#Material properties required for new pair styles

fix  m1 all property/global youngsModulus peratomtype 5.e6
fix  m2 all property/global poissonsRatio peratomtype 0.45
fix  m3 all property/global coefficientRestitution peratomtypepair 1 0.3
fix  m4 all property/global coefficientFriction peratomtypepair 1 0.5
fix  m5 all property/global k_finnie peratomtypepair 1 1.0

#New pair style
pair_style  gran model hertz tangential history #Hertzian without cohesion
pair_coeff  * *

timestep    0.00001

fix  gravi all gravity 9.81 vector 0.0 0.0 -1.0

#the chute
fix  cad all mesh/surface/stress file meshes/simple_chute.stl type 1 wear finnie
fix  inface all mesh/surface file meshes/insertion_face.stl type 1
fix  granwalls all wall/gran model hertz tangential history mesh n_meshes 1 meshes cad

#distributions for insertion
fix  pts1 all particletemplate/sphere 15485863 atom_type 1 density constant 2500 radius constant 0.0015
fix  pts2 all particletemplate/sphere 15485867 atom_type 1 density constant 2500 radius constant 0.0025
fix  pdd1 all particledistribution/discrete 32452843  2 pts1 0.3 pts2 0.7



#region and insertion
group  nve_group region domain
0 atoms in group nve_group
region bc cylinder z 0.0 0.0 0.015 0.05 0.12 units box

#particle insertion
fix    ins nve_group insert/stream seed 32452867 distributiontemplate pdd1 nparticles 6000 massrate 0.1 insert_every 1000 overlapcheck yes all_in no vel constant 0.0 0.0 -1.0  insertion_face inface

#apply nve integration to all particles that are inserted as single particles
fix    integr nve_group nve/sphere

#output settings, include total thermal energy
compute       1 all erotate /sphere
thermo_style custom step atoms ke c_1 vol
thermo 1000
thermo_modify lost ignore norm no

#insert the first particles so that dump is not empty
run    1
Setting up run at Sun Aug 21 09:16:20 2022

INFO: Particle insertion ins: 12.766349 particles every 1000 steps - particle rate 1276.634850, (mass rate 1.000000e-01)
6000 particles (mass 4.699856e-01) within 469000 steps

Memory usage per processor = 13.5718 Mbytes
Step    Atoms         KinEng 1         Volume 

0        0              0              0          0.132 
INFO: Particle insertion ins: inserted 13 particle templates (mass 1.100866e -03) at step 1
- a total of 13 particle templates (mass 1.100866e -03) inserted so far.

1       13  0.00055043321              0          0.132 
Loop time of 0.0312296 on 2 procs for 1 steps with 13 atoms, finish time Sun Aug 21 09:16:20 2022

Pair  time (%) = 1.19765e -05 (0.0383499)
Neigh time (%) = 0.00629478 (20.1565)
Comm time (%) = 9.10205e -05 (0.291456)
Outpt time (%) = 0.000927628 (2.97035)
Other time (%) = 0.0239042 (76.5434)

Nlocal:    6.5 ave 13 max 0 min
Histogram: 1 0 0 0 0 0 0 0 0 1
Nghost :    0 ave 0 max 0 min
Histogram: 2 0 0 0 0 0 0 0 0 0
Neighs:    1 ave 2 max 0 min
Histogram: 1 0 0 0 0 0 0 0 0 1



Total # of neighbors = 2
Ave neighs/atom = 0.153846
Neighbor list builds = 1
Dangerous builds = 0
dump   dmp all custom/vtk 200 post/chute_*.vtk id type type x y z ix iy iz vx vy vz fx fy fz omegax omegay omegaz radius
dump   dumpstress all mesh/gran/VTK 200 post/mesh_*.vtk stress wear cad   

#insert particles
run    100000 upto
Setting up run at Sun Aug 21 09:16:20 2022

Memory usage per processor = 13.5757 Mbytes
Step    Atoms         KinEng              1         Volume 

1       13  0.00055043321              0          0.132 
1000       13  0.00058700785              0          0.132 

INFO: Particle insertion ins: inserted 12 particle templates (mass 9.372418e -04) at step 1001
- a total of 25 particle templates (mass 2.038108e -03) inserted so far.

2000       25   0.0011960702              0          0.132 
INFO: Particle insertion ins: inserted 12 particle templates (mass 9.372418e -04) at step 2001
- a total of 37 particle templates (mass 2.975350e -03) inserted so far.  

~~~~~~~~~~~
INFO: Particle insertion ins: inserted 13 particle templates (mass 1.100866e -03) at step 99001
- a total of 1277 particle templates (mass 9.965263e -02) inserted so far.
100000      837     0.04693229   0.0079596298          0.132 

Loop time of 55.885 on 2 procs for 99999 steps with 837 atoms, finish time Sun Aug 21 09:17:16 2022

Pair  time (%) = 1.13402 (2.02921)
Neigh time (%) = 6.66558 (11.9273)
Comm  time (%) = 4.78279 (8.55828)
Outpt time (%) = 7.11981 (12.7401)
Other time (%) = 36.1828 (64.7451)

Nlocal:    418.5 ave 477 max 360 min
Histogram: 1 0 0 0 0 0 0 0 0 1
Nghost:    7.5 ave 9 max 6 min
Histogram: 1 0 0 0 0 0 0 0 0 1
Neighs:    223.5 ave 230 max 217 min
Histogram: 1 0 0 0 0 0 0 0 0 1

Total # of neighbors = 447
Ave neighs/atom = 0.53405
Neighbor list builds = 2122
Dangerous builds = 0
unfix  ins 



Graphic Output of the RUN :

paraview





Input Script : (1) Case contact models

#Contact model example
atom_style granular
atom_modify map array
boundary m m m
newton off

communicate single vel yes

units si

region reg block -0.05 0.05 -0.05 0.05 0. 0.15 units box
create_box 1 reg

neighbor 0.002 bin
neigh_modify delay 0

#Material properties required for new pair styles
fix m1 all property/global youngsModulus peratomtype 5.e6
fix m2 all property/global poissonsRatio peratomtype 0.45
fix m3 all property/global coefficientRestitution peratomtypepair 1 0.95
fix m4 all property/global coefficientFriction peratomtypepair 1 0.05
fix m5 all property/global characteristicVelocity scalar 2.
#fix m6 all property/global cohesionEnergyDensity peratomtypepair 1 300000 

#New pair style
pair_style gran model hertz tangential history # Hertzian without cohesion
pair_coeff * *

timestep 0.00001

characteristic impact velocity used for Hooke 

granular contact model

p is periodic
f is non -periodic and fixed
s is non -periodic and shrink -wrapped
m is non -periodic and shrink -wrapped with a minimum value



fix gravi all gravity 9.81 vector 0.0 0.0 -1.0

fix zwalls1 all wall/gran model hertz tangential history primitive type 1  zplane 0.0
fix zwalls2 all wall/gran model hertz tangential history primitive type 1  zplane 0.15
fix cylwalls all wall/gran model hertz tangential history primitive type 1  zcylinder 0.05 0. 0.

#region of insertion
region bc cylinder z 0. 0. 0.045 0.00 0.15 units box

#particle distributions
fix pts1 all particletemplate/sphere 15485863 atom_type 1 density constant 2500 radius constant 0.0025
fix pdd1 all particledistribution/discrete 15485867 1 pts1 1.0

#particle insertion
fix ins all insert/pack seed 32452843 distributiontemplate pdd1 vel constant 0. 0. -0.5 &

insert_every once overlapcheck yes all_in yes particles_in_region 1800 region bc 

#apply nve integration to all particles that are inserted as single particles
fix integr all nve/sphere

#output settings, include total thermal energy
compute rke all erotate/sphere
thermo_style custom step atoms ke c_rke vol
thermo 1000
thermo_modify lost ignore norm no

cylinder args = dim c1 c2 radius lo hi

- dim = x or y or z= axis of cylinder

- c1,c2 = coords of cylinder axis in other 2 dimensions (distance units)

- radius = cylinder radius (distance units)  radius can be a variable

- lo,hi = bounds of cylinder in dim (distance units)



dump dmp all custom/vtk 800 post/newModels_*.vtk id type x y z ix iy iz vx vy vz fx fy fz omegax omegay omegaz radius

#insert particles
run 5000
unfix ins

#run
run 50000 upto 

id = atom ID

mol = molecule ID

id_multisphere = ID of multisphere body

type = atom type

element = name of atom element, as defined by dump_modify command

mass = atom mass

x,y,z = unscaled atom coordinates

xs,ys,zs = scaled atom coordinates

xu,yu,zu = unwrapped atom coordinates

xsu,ysu,zsu = scaled unwrapped atom coordinates

ix,iy,iz = box image that the atom is in

vx,vy,vz = atom velocities

fx,fy,fz = forces on atoms

q = atom charge

mux,muy,muz = orientation of dipole moment of atom

mu = magnitude of dipole moment of atom

radius,diameter = radius,diameter of spherical particle

omegax,omegay,omegaz = angular velocity of spherical particle

angmomx,angmomy,angmomz = angular momentum of aspherical particle

tqx,tqy,tqz = torque on finite-size particles

c_ID = per-atom vector calculated by a compute with ID

c_ID[N] = Nth column of per-atom array calculated by a compute with ID

f_ID = per-atom vector calculated by a fix with ID

f_ID[N] = Nth column of per-atom array calculated by a fix with ID

v_name = per-atom vector calculated by an atom-style variable with name

shapex, shapey, shapez = semi-axes for superquadric particles

blockiness1, blockiness2 = blockiness parameters for superquadric particles

quat1, quat2, quat3, quat4 = quaternion components for superquadric paricles



Input Script : (2) Case cohesion

#Contact model example
atom_style granular
atom_modify map array
boundary m m m
newton off

communicate single vel yes

units si

region reg block -0.05 0.05 -0.05 0.05 0. 0.15 units box
create_box 1 reg

neighbor 0.002 bin
neigh_modify delay 0

#Material properties required for new pair styles
fix m1 all property/global youngsModulus peratomtype 5.e6
fix m2 all property/global poissonsRatio peratomtype 0.45
fix m3 all property/global coefficientRestitution peratomtypepair 1 0.9
fix m4 all property/global coefficientFriction peratomtypepair 1 0.05
fix m5 all property/global characteristicVelocity scalar 2.
#fix m6 all property/global cohesionEnergyDensity peratomtypepair 1 300000 

#New pair style
pair_style gran model hertz tangential history #Hertzian without cohesion
#pair_style gran model hertz tangential history cohesion sjkr #Hertzian with cohesion
pair_coeff * *

timestep 0.00001

characteristic impact velocity used for Hooke 

granular contact model

p is periodic
f is non -periodic and fixed
s is non -periodic and shrink -wrapped
m is non -periodic and shrink -wrapped with a minimum value



fix gravi all gravity 9.81 vector 0.0 0.0 -1.0

fix zwalls1 all wall/gran model hertz tangential history primitive type 1  zplane 0.0
fix zwalls2 all wall/gran model hertz tangential history primitive type 1  zplane 0.15
fix cylwalls all wall/gran model hertz tangential history primitive type 1  zcylinder 0.05 0. 0.

#region for insertion
region bc cylinder z 0.01 0.01 0.025 0.05 0.0603 units box
group nve_group region reg

#distributions for insertion
fix pts1 all particletemplate/sphere 15485863 atom_type 1 density constant 2500 radius constant 0.0015
fix pdd1 all particledistribution/discrete 15485867 1 pts1 1.0

#particle insertion
fix ins nve_group insert/pack seed 32452843 distributiontemplate pdd1 maxattempt 100 insert_every 3000 overlapcheck yes all_in y es 
vel constant 0.0 0.0 -0.2 region bc particles_in_region 250 ntry_mc 10000

#apply nve integration to all particles that are inserted as single particles
fix integr nve_group nve/sphere

#output settings, include total thermal energy
compute rke all erotate/sphere
thermo_style custom step atoms ke c_rke vol
thermo 1000
thermo_modify lost ignore norm no

cylinder args = dim c1 c2 radius lo hi

- dim = x or y or z= axis of cylinder

- c1,c2 = coords of cylinder axis in other 2 dimensions (distance units)

- radius = cylinder radius (distance units)  radius can be a variable

- lo,hi = bounds of cylinder in dim (distance units)

maxattempt value = ma

- ma = max # of insertion attempts per atom



#insert the first particles so that dump is not empty
run 1
dump dmp all custom/vtk 800 post/noCohesion_*.vtk id type type x y z ix iy iz vx vy vz fx fy fz omegax omegay omegaz radius

#insert particles
run 10000
unfix ins

#run
run 50000 upto 

id = atom ID

mol = molecule ID

id_multisphere = ID of multisphere body

type = atom type

element = name of atom element, as defined by dump_modify command

mass = atom mass

x,y,z = unscaled atom coordinates

xs,ys,zs = scaled atom coordinates

xu,yu,zu = unwrapped atom coordinates

xsu,ysu,zsu = scaled unwrapped atom coordinates

ix,iy,iz = box image that the atom is in

vx,vy,vz = atom velocities

fx,fy,fz = forces on atoms

q = atom charge

mux,muy,muz = orientation of dipole moment of atom

mu = magnitude of dipole moment of atom

radius,diameter = radius,diameter of spherical particle

omegax,omegay,omegaz = angular velocity of spherical particle

angmomx,angmomy,angmomz = angular momentum of aspherical particle

tqx,tqy,tqz = torque on finite-size particles

c_ID = per-atom vector calculated by a compute with ID

c_ID[N] = Nth column of per-atom array calculated by a compute with ID

f_ID = per-atom vector calculated by a fix with ID

f_ID[N] = Nth column of per-atom array calculated by a fix with ID

v_name = per-atom vector calculated by an atom-style variable with name

shapex, shapey, shapez = semi-axes for superquadric particles

blockiness1, blockiness2 = blockiness parameters for superquadric particles

quat1, quat2, quat3, quat4 = quaternion components for superquadric paricles



Tutorial of DEM Simulation using LIGGGHTS: Complete Workflow of a silo particle simulation

Tutorials : Term Project

Case Studies :
á contactModels

â cohesion

ã hydrogel_multicontact

ä heatTransfer_1

å heatTransfer_2

æ sph_1

ç sph_2

è hysteresis

é chute_wear

ê movingMeshGran

https://www.youtube.com/watch?v=bCfCpjNuSVQ


Ch. 4  LIGGGHTS Commands

Part I : 





(*) List of All command s



(1) fix



(1-01) fix ID group -ID particledistribution/discrete

(1-02) fix ID group -ID particledistribution/discrete/massbased

(1-03) fix ID group -ID particledistribution/discrete/numberbased 

fix ID group -ID particledistribution/discrete seed ntemp t_id t_weight ...
- particledistribution/discrete or particledistribution/discrete/massbased or particledistribution/discrete/numberbased = styl e name of this fix command
- seed = random number generator seed (prime number greater 10000)
- ntemp = number of particle templates to be used in this command

zero or more t_id/t_weight pairs are appended, number of pairs must match ntemp
- t_id = ID of a fix of type particletemplate/sphere
- t_weight = mass % or number % for this template in the distribution

[Examples]
fix pdd1 all particledistribution/discrete 123457 1 pts1 1.0
fix pdd1 all particledistribution/discrete 17903  2 pts1 0.3 pts2 0.7



(1-1) fix ID group -ID particletemplate/sphere

fix ID group -ID particletemplate/sphere seed keyword values ...
- particletemplate/sphere = style name of this fix command
- seed = random number generator seed (prime number greater 10000)

zero or more keyword/value pairs can be appended
- keyword = atom_type or density or volume_limit or radius or relative

atom_type value = atom type assigned to this particle template
density values = random_style param1 (param2)

random_style = 'constant'
param1 = density for 'constant',

param2 = omitted for 'constant'
volume_limit value = lowest particle volume allowed in simulation
radius values = random_style param1 (param2)

random_style = 'constant'
param1 = radius for 'constant'
param2 = omitted for 'constant'

relative value = yes or no
no = set a flag for other commands that radius given here is abosulute (in length units)
yes = set a flag for other commands that radius given here is relative (in % of a reference radius)

[Examples]
fix pts1 all particletemplate/sphere 123457 atom_type 1 density constant 2500 radius constant 0.0015



(1-2) fix ID group -ID insert/pack

fix ID group -ID insert/pack seed seed_value distributiontemplate dist -ID general_keywords general_values pack_keywords pack_values ...
- seed = obligatory keyword
- seed_value = random # seed (prime number greater than 10000)
- distributiontemplate = obligatory keyword
- dist-ID = ID of a fix_particledistribution_discrete to be used for particle insertion

one or more general keyword/value pairs can be appended
- general_keywords = verbose or maxattempt or insert_every or overlapcheck or all_in or random_distribute or compress_tags or vel constant or 

vel uniform or vel gaussian or orientation or omega or set_property
- pack_keywords = region or volumefraction_region or particles_in_region or mass_in_region or check_dist_from_subdomain_border or ntry_mc

pack_keywords = where exactly one out of volumefraction_region or particles_in_region or mass_in_region has to be defined
region value = region -ID, region -ID = ID of the region where the particles will be generated
volumefraction_region values = vol

vol =  desired volume fraction for the region (positive float, 0 < vol < 1)
particles_in_region values = np

np =  desired number of particles in the region (positive integer)
mass_in_region values = m

m =  desired mass in the region (positive float, m > 0)
check_dist_from_subdomain_border values = yes or no
ntry_mc values = n

n = number of Monte -Carlo steps for calculating the region's volume  (positive integer)

[Examples]
fix ins all insert/pack seed 123457 distributiontemplate pdd1 insert_every once overlapcheck yes volumefraction_region 0.3 re gion mysphere ntry_mc 10000



(1-3) fix ID group -ID insert/stream

fix ID group -ID insert/stream seed seed_value distributiontemplate dist -ID general_keywords general_values stream_keywords stream_values ...
- seed = obligatory keyword
- seed_value = random # seed (prime number greater 1000)
- distributiontemplate = obligatory keyword
- dist-ID = ID of a fix_particledistribution_discrete to be used for particle insertion

one or more general keyword/value pairs can be appended
- general_keywords = verbose or maxattampt or nparticles or mass or particlerate or massrate or insert_every or overlapcheck o r all_in or 

random_distribute or*vel constant* or vel uniform or vel gaussian or orientation or omega or set_property
- stream_keywords = duration or parallel or insertion_face or extrude_length

insertion_face value = mesh -ID
mesh-ID = ID of the fix mesh/surface or fix mesh/surface/planar to use as starting face for particle generation

extrude_length values = L
L =  length for extruding the insertion face in normal direction so to generate in insertion volume

parallel values = yes or no
yes, no = pre -calculate location of overlap of processor subdomains and extrusion volume to some extent

duration values = du
du =  duration of insertion in time -steps

[Examples]
fix ins all insert/stream seed 123457 distributiontemplate pdd1 nparticles 5000 vel constant 0. -0.5 -2. particlerate 1000 overl apcheck yes insertion_f

ace ins_mesh extrude_length 0.6



(1-21) fix ID group -ID mesh/surface

(1-22) fix ID group -ID mesh/surface/planar

fix ID group -ID mesh/surface data_keyword data_value premesh_keywords premesh_values mesh_keywords mesh_values surface_keywords surface_values
fix ID group -ID mesh/surface/module_list data_keyword data_value premesh_keywords premesh_values mesh_keywords mesh_values surface_keywords 
surface_values module_keywords module_values
fix ID group -ID mesh/surface/planar data_keyword data_value premesh_keywords premesh_values mesh_keywords mesh_values surface_keywords 
surface_values

- mesh/surface or mesh/surface/planar = style name of this fix command
- module_list = list of mesh modules separated by /

one data_keyword/data_value pair needs to be appended
- data_keyword = file or fix

zero or more premesh_keywords/premesh_value pairs may be appended
- premesh_keyword = type or precision or heal or min_feature_length or element_exclusion_list or verbose

file value = name of STL or VTK file containing the triangle mesh data
fix value = id of a fix that can generate meshes (e.g. this one using the extrude_planar keyword)

type value = atom type (material type) of the wall imported from the STL file
region value = ID of region to filter elements which are imported
precision value = length mesh nodes this far away at maximum will be recognized as identical (length units)
heal value = auto_remove_duplicates or no
min_feature_length value = exclude element if belongs to an entity where no element is larger than this (length units)
element_exclusion_list values = mode element_exlusion_file

mode = read or write
element_exlusion_file = name of file containing the elements to be excluded

verbose value = yes or no



zero or more mesh_keywords/mesh_value pairs may be appended

zero or more surface_keywords/surface_value pairs may be appended
- surface_keyword = surface_vel or surface_ang_vel or curvature or curvature_tolerant

mesh_keyword = scale or move or rotate or temperature or mass_temperature or extrude_planar:l
scale value = factor

factor = factor to scale the mesh in x -, y-, and z-direction (double value)
move values = mx my mz

mx my mz = move the mesh by this extent in x -, y-, and z-direction (length units)
rotate values = axis ax ay az angle ang

axis = obligatory keyword
ax, ay, az = axis vector for rotation (length units)
angle = obligatory keyword
ang = rotation angle (degrees)

temperature value = T0
T0 = Temperature of the wall (temperature units)

mass_temperature value = mt0
mt0 = mass (mass units) assumed for temperature update in the frame of surface sphere/heatable

extrude_planar value = length
length = length (length units) that a planar mesh is extruded in anti -normal direction

surface_vel values = vx vy vz
vx vy vz = conveyor belt surface velocity  (velocity units)

surface_ang_vel values = origin ox oy oz axis ax ay az omega om
origin = mandatory keyword
ox oy oz = origin of rotation (length units)
axis = mandatory keyword
ax ay az = axis vector for rotation (length units)
omega = mandatory keyword
om = rotational velocity around specifyied axis (rad/time units)

curvature value = c
c = maximum angle between mesh faces belonging to the same surface (in degree)

curvature_tolerant value = ct
ct = yes or no



[Examples]
fix cad all mesh/surface file mesh.stl type 1
fix cad1 all mesh/surface/stress/deform file meshes/plate.stl type 1 scale 1.0 wear finnie
fix extrude all mesh/surface file plane.stl type 1 extrude_planar 0.1
fix side_walls all mesh/surface fix extrude type 1

zero or more module_keywords/module_value pairs may be appended if a mesh module is used

see the respective mesh module parameter list for details



linear args = Vx Vy Vz
Vx,Vy,Vz = components of velocity vector (velocity units)

linear/variable args = var_Vx var_Vy var_Vz
var_Vx,var_Vy,var_Vz = variables specifying components of velocity vector (velocity units)

wiggle args = amplitude Ax Ay Az period per
amplitude = obligatory keyword
Ax,Ay,Az = components of amplitude vector (distance units)
period = obligatory keyword
per = period of oscillation (time units)

riggle args = origin Px Py Pz axis ax ay az period per amplitude ampl
origin = obligatory keyword
Px,Py,Pz = origin point of axis of rotation (distance units)
axis = obligatory keyword
ax,ay,az = axis of rotation vector (distance units)
period = obligatory keyword
per = period of rotation (time units)#
amplitude = obligatory keyword
ampl = amplitude of riggle movement (grad)

(1-3) fix ID group -ID move/mesh

fix ID group -ID move/mesh mesh mesh -ID style args keyword values ...

- ID is documented in fix command, group -ID is ignored
- move/mesh = style name of this fix command
- mesh = obligatory keyword
- mesh-ID = ID for the fix mesh that the fix move/mesh is applied to
- style = linear or linear/variable or wiggle or riggle or rotate or rotate/variable or viblin or vibrot or file



rotate args = origin Px Py Pz axis ax ay az period per
origin = obligatory keyword
Px,Py,Pz = origin point of axis of rotation (distance units)
axis = obligatory keyword
ax,ay,az = axis of rotation vector (distance units)
period = obligatory keyword
per = period of rotation (time units)

rotate/variable args = origin Px Py Pz axis ax ay az omega var_omega
origin = obligatory keyword
Px,Py,Pz = origin point of axis of rotation (distance units)
axis = obligatory keyword
ax,ay,az = axis of rotation vector (distance units)
omega = obligatory keyword
var_omega = variable specifying angular velocity (rad / time units)

viblin args = axis ax ay az order n amplitude C1 ... Cn phase p1 ... pn period per
axis = obligatory keyword
ax,ay,az = components of moving direction vector (distance units)(origin 0 0 0)
order= obligatory keyword
n= order of trigonometric series n (from 1 to 30)
amplitude = obligatory keyword
C1, ..., Cn = amplitude (distance units)
phase = obligatory keyword
p1, ...,pn = phase of functionterm (rad) (number of terms is equivalent to order n)
period = obligatory keyword
per_1, ..., per_n = period of rotation (time units)



vibrot args = origin Px Py Pz axis ax ay az order n amplitude C1 ... Cn phase p1 ... pn period per
origin = obligatory keyword
Px,Py,Pz = origin point of axis of rotation (distance units)
axis = obligatory keyword
ax,ay,az = axis of rotation vector
order= obligatory keyword
n= order of trigonometric series (from 1 to 30)
amplitude = obligatory keyword
C1, ..., Cn = amplitude (rad)
phase = obligatory keyword
p1, ...,pn = phase of functionterm (rad) (number of terms is equivalent to order n)
period = obligatory keyword
per_1, ..., per_n = period of rotation (time units)



(2) compute

[Syntax]
compute ID group -ID style general_keywords general_values args
- ID = user -assigned name for the computation
- group -ID = ID of the group of atoms to perform the computation on
- style = one of a list of possible style names (see below)

zero or more general_keywords/general_values pair may be appended
- general_keywords = update_on_run_end
- update_on_run_end value = 'yes' or 'no'

yes = compute is updated at the last step of each run command
no = compute is not updated at the end of a run

- args = arguments used by a particular style

[Examples]
compute 1 all temp
compute newtemp flow temp/partial 1 1 0
compute 3 all ke/atom update_on_run_end yes



Boundary Conditions:
X-axis = Periodic
Y-axis = Periodic
Z-axis = Top Move Down/ Bottom Fix

Simulation Box
X-axis = -0.05 ~ 0.05 cm
Y-axis = -0.01 ~ 0.05 cm
Z-axis = 0.0 ~ 0.4 cm

21600 Particles in the Box
Large = radius 0.01 cm / mass(volume) = 45%
Small = radius 0.002 cm / mass(volume) = 55%

Homework #I



Homework #2

Z

x

y

Simulation Box = [( -0.5, 0.5),(-0.5, 0.5),(-2.0, 2.0)] mm

Boundary Condition = [X -Periodic, Y-Periodic, Z-Fixed]

Number of Particles :

Spherical Particles, Rs : 50 ȋm

Non -spherical Particles: a n = 10 , b n = 10, c n = 100 ȋm

Volume Fraction of Non -spherical Particles, Vn : 0.20

Max. Pressure of the Upper Punch for Compaction : 100 MPa
- Punch Speed = 20 cm / s

Parameters Values Remarks

Particle Density, ǌ 3.58 g/cm 3 Density of MgO

YoungŚs Modulus, E249 GPa MgO value

Restitution Coefficient, e 0.93 Glass ball on granite plate

Sliding Friction Coefficient, əs 0.03

Rolling Friction Coefficient, ər 0.2

Poisson Ratio, ǈ 0.18 MgO value

Cohesion Energy Density* 3.0 * 107 J/m3 3.5*10-2 eV/molecule

*) Cohesive Energy of Van der Waals Bonding å several meV



Spherical Particles, Rs : 50 ȋm

Non -spherical Particles: a n = 10 , b n = 10, c n = 100 ȋm

V n = Volume Fraction of Non -spherical Particles

PF = Relative Packing Density

Vn = 0.20

PF = 45.0%

Vn = 0.20

PF = 10.0%

Initial Particle Arrangement



Homework #3

Z

x

y

Simulation Box = [( -0.5, 0.5),(-0.5, 0.5),(0.0, 4.0)] mm

Boundary Condition = [X -Periodic, Y-Periodic, Z-Fixed]

Number of Particles : Min. 245 ~ Max. 21600

Size Ratio, Rf / Rc : Min. 1/9 ~ Max. 1/3

- Reference Size, Rc = 100 ȋm

Volume Fraction of Fine Particles, V f : Min. 0.0 ~ Max. 0.6

Max. Pressure of the Upper Punch for Compaction : 100 MPa
- Punch Speed = 40 cm / s

Parameters Values Remarks

Particle Density, ǌ 3.58 g/cm 3 Density of MgO

YoungŚs Modulus, E249 GPa MgO value

Restitution Coefficient, e 0.93 Glass ball on granite plate

Sliding Friction Coefficient, əs 0.03

Rolling Friction Coefficient, ər 0.2

Poisson Ratio, ǈ 0.18 MgO value

Cohesion Energy Density* 3.0 * 107 J/m3 3.5*10-2 eV/molecule

*) Cohesive Energy of Van der Waals Bonding å several meV
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Results

The results of the simulation are very similar to the particle packing behavior that we have expected.
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Size Ratio, Rf / Rc (100 um) = 1/8

V f = 0.0

PF = 62.3%

V f = 0.3

PF = 80.0%

V f = 0.6

PF = 71.9%



Homework #4 (optional)

After 2.5*10 -3

Seconds

T = 800 K

T = 300 K

T = 800 K

T = 300 K

Size Ratio : R f / Rc (100 um) = 1/4

Volume Fraction of Fine Particles : V f = 0.0

Relative Packing Density : PF = 62.38%

Heat Transfer Coefficient : 1.594 J/ sK

à



After 2.5*10 -3

Seconds

T = 800 K

T = 300 K

T = 800 K

T = 300 K

Size Ratio : R f / Rc (100 um) = 1/4

Volume Fraction of Fine Particles : V f = 0.3

Relative Packing Density : PF = 75.20%

Heat Transfer Coefficient : 2.005 J/ sK

á



Ch. 5 Post -processing DEM Results

Part I : 



(1) Paraview



(2) MeshMixer







(3) FreeCAD
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Part II : Finite Element Method



Ch. 1 Introduction

Part II : 





What is FEM?

Finite Element Method (FEM)

ÅA numerical method for solving problems of engineering and mathematical physics
ÅUseful for problems with complicated geometries , loadings, and material properties

where analytical solutions can not be obtained .
ÅFEM cuts a structure into several elements (pieces of the structure). Then reconnects elements at

ñnodesòas if nodes were pins or drops of glue that hold elements together

ÅThis process results in a set of simultaneous algebraic equations

Continuous matter Dis-continuous matter

Occupies entire space Each particle is a unique quantity

Continuum mechanics Newton mechanics

Finite Element Method Discrete Element Method





Historical Background :

- The term finite element was first coined by Clough in 1960. In the early 1960s, engineers used

the method for approximate solutions of problems in stress analysis, fluid flow, heat transfer,

and other areas.

- The first book on the FEM by Zienkiewicz and Chung was published in 1967.

- In the late 1960s and early 1970s, the FEM was applied to a wide variety of engineering

problems.

- Most commercial FEM software packages originated in the 1970s. (Abaqus, Adina, Ansys, etc.)





Advantages and Disadvantages of FEM :

Can readily handle very complex geometry:

- The heart and power of the FEM

Can handle a wide variety of engineering problems

- Solid mechanics - Dynamics - Heat problems

- Fluids - Electrostatic problems

Can handle complex restraints

- Indeterminate structures can be solved.

Can handle complex loading

- Nodal load (point loads)

- Element load (pressure, thermal, inertial forces)

- Time or frequency dependent loading

A general closed -form solution , which

would permit one to examine system

response to changes in various parameters ,

is not produced .

The FEM obtains only "approximate"

solutions .

The FEM has "inherent" errors .

Mistakes by users can be fatal .

Advantages : Disadvantages :



Advantages of FEM

- Models Bodies of Complex Shape

- Can Handle General Loading/Boundary Conditions

- Models Bodies Composed of Composite and Multiphase Materials

- Model is Easily Refined for Improved Accuracy by Varying Element Size and Type

- Time Dependent and Dynamic Effects Can Be Included

- Can Handle a Variety Nonlinear Effects Including Material Behavior, Large 

Deformations, Boundary Conditions, Etc. 



Fundamental Concepts of FEM :

Many engineering phenomena can be expressed by Śfnudqmhmf dpt`shnmrś and Śantmc`qx bnmchshnmrś



Complex Object 
Material discontinuity

Complex and arbitrary geometry

Simple Analysis

Identify Control Variables
Assumptions (Empirical Law)

Partial Differential Eqn.
Linear Algebra Eqn.



Applications of FEM :

Å Mechanical/Aerospace/Civil/Automotive Engineering

Å Structural/Stress Analysis

- Static/Dynamic

- Linear/Nonlinear

Å Fluid Flow

Å Heat Transfer

Å Electromagnetic Fields

Å Soil Mechanics

Å Acoustics

Å Biomechanics



The finite element method is a computational scheme to solve field problems in engineering and science. The
technique has very wide application, and has been used on problems involving stress analysis, fluid mechanics,
heat transfer, diffusion, vibrations, electrical and magnetic fields , etc. The fundamental concept involves dividing
the body under study into a finite number of pieces (subdomains) called elements (see Figure) . Particular
assumptions are then made on the variation of the unknown dependent variable(s) across each element using
so-called interpolation or approximation functions . This approximated variation is quantified in terms of
solution values at special element locations called nodes . Through this discretization process, the method sets up
an algebraic system of equations for unknown nodal values which approximate the continuous solution .
Because element size, shape and approximating scheme can be varied to suit the problem, the method can
accurately simulate solutions to problems of complex geometry and loading and thus this technique has become
a very useful and practical tool .

Introduction to Finite Element Analysis



Any continuous solution field such as stress, displacement, temperature, pressure, etc.
can be approximated by a discrete model composed of a set of piecewise continuous
functions defined over a finite number of subdomains .

Exact Analytical Solution

x

T

Approximate Piecewise Linear 

Solution

x

T

Basic Concept of the Finite Element Method
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Linear Representation

Two -Dimensional Discretization



x

T

Exact Temperature Distribution, T(x)

Finite Element Discretization

Linear Interpolation Model
        (Four Elements)

Quadratic Interpolation Model
             (Two Elements)

T1

T2 T2
T3 T3

T4 T4

T5

T1

T2

T3

T4 T5

Piecewise Linear Approximation

T

x

T1

T2

T3 T3

T4 T5

T

T1

T2

T3
T4 T5

Piecewise Quadratic Approximation

x

Temperature Continuous but with 
Discontinuous Temperature Gradients

Temperature and Temperature Gradients
Continuous

Discretization Concepts



One-Dimensional Elements
Line

Rods, Beams, Trusses, 
Frames

Two-Dimensional Elements
Triangular, Quadrilateral

Plates, Shells, 2 -D 
Continua

Three-Dimensional Elements
Tetrahedral, Rectangular Prism 

(Brick)
3-D Continua

Common Types of Elements



One-Dimensional 
Frame Elements

Two-Dimensional 
Triangular 
Elements

Three-Dimensional 
Brick Elements

Discretization Examples



- Domain Discretization
- Select Element Type (Shape and Approximation)
- Derive Element Equations (Variational and Energy Methods)
- Assemble Element Equations to Form Global System

[K]{U} = {F}

[K] = Stiffness or Property Matrix
{U} = Nodal Displacement Vector
{F} = Nodal Force Vector

- Incorporate Boundary and Initial Conditions
- Solve Assembled System of Equations for Unknown Nodal         

Displacements and Secondary Unknowns of Stress and Strain Values

Basic Steps in the Finite Element Method

Time Independent Problems



ÅDomain Approximation

ÅElement Interpolation/Approximation

ÅNumerical Integration Errors

(Including Spatial and Time Integration)

ÅComputer Errors (Round -Off, Etc., )

Common Sources of Error in FEM



(Discretization with 228 Elements)

(Discretization with 912 Elements)

(Triangular Element)

(Node)

Two -Dimensional Discretization Refinement 
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One Dimensional Examples : Static Case
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Scalar-Valued, Two -Dimensional 
Field Problems
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Vector/Tensor -Valued, Two -
Dimensional Field Problems
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Two Dimensional Examples



ÅThe Finite Element Equation Must Incorporate the Appropriate Physics of the Problem

ÅFor Problems in Structural Solid Mechanics, the Appropriate Physics Comes from Either Strength of Materials

or Theory of Elasticity

ÅFEM Equations are Commonly Developed Using Direct , Variational -Virtual Work or Weighted Residual

Methods

Variational -Virtual Work Method

Based on the concept of virtual displacements, leads to relations between internal and external virtual work 
and to minimization of system potential energy for equilibrium

Weighted Residual Method

Rs`qshmf vhsg sgd fnudqmhmf cheedqdmsh`k dpt`shnm+ rodbh`k l`sgdl`shb`k nodq`shnmr cdudkno sgd Śvd`j enqlś 
that can be incorporated into a FEM equation.  This method is particularly suited for problems that have no 
variational statement.   For stress analysis problems, a Ritz -Galerkin WRM will yield a result identical to that 
found by variational methods.  

Direct Method 

Based on physical reasoning and limited to simple cases, this method is worth studying because it enhances 
physical understanding of the process

Development of Finite Element Equation



Linear Quadratic Cubic

Polynomial Approximation

Most often polynomials are used to construct approximation functions for each element.  Depending on the 
order of approximation, different numbers of element parameters are needed to construct the appropriate 
function. 

Special Approximation

For some cases (e.g. infinite elements, crack or other singular elements) the approximation function is chosen 
to have special properties as determined from theoretical considerations 

Common Approximation Schemes: One -Dimensional Examples



Ch. 2 Tutorial of COMSOL for FEM

Part II : 

- Geometry

- Materials

- Meshing

- Mesh Editing

- Physics

- Analysis

- Drawings





- Geometry :






